We present a gravitational action with a modified higher order term of a combination of scalar curvature and Lagrangian density of a scalar field. This type of models has been considered first by Cruz-Dombriz et al.. The classical and quantum cosmologies governed by the modified action are studied. Models described by a positive-definite action and a pure arbitrary-powered scalar curvature action without the standard Einstein-Hilbert term are also investigated. We show some particular cases in which exact solutions can be obtained.
I. INTRODUCTION
Recent developments of observational cosmology suggest that our universe experienced two acceleration era: the inflation era in the very early times [1, 2] and the era of late-time acceleration in the present time [3] [4] [5] .
Inflation, a rapid expansion of the very early universe, is supposed to be caused by an evolving scalar field (inflaton) coupled to gravity. Although many mechanisms which bring about inflation have been proposed until now, it is believed that most of favorable models use the slow-roll regime, i.e., the value of the inflaton changes slowly in the cosmic time.
On the other hand, since the general theory of relativity can merely be regarded as a low-energy theory, it is considerable that the complete gravitation theory is unknown yet.
Therefore, various modifications of Einstein gravity have been studied by many authors [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . Among these, the R 2 -inflationary model (a.k.a. the Starobinsky model [16] [17] [18] ) is not also the earliest model which contains quantum corrections to the Einstein gravity but an excellent model of cosmic inflation whose predictions agree with recent observations [2] .
The R 2 gravity model (where R means a scalar curvature) leads to second-order field equations despite of inclusion of higher derivatives of variables. In Einstein frame, the model contains a scalar mode with an almost flat potential. We call this mode a scalaron.
The scalaron plays a role of a slow-roll inflaton in the model and can explain almost scaleinvariant perturbations from stretched quantum fluctuations.
In this paper, we explore some possibilities of the theoretical extension of R 2 gravity. The Starobinsky model with a minimal scalar matter field has been considered by many authors [19] [20] [21] [22] [23] [24] [25] . Some authors considered the extension in order to investigate scenarios of seeding curvature perturbations by the scalar field, while some authors are motivated by chaotic-type inflationary models. Incidentally, there are other studies on the models with the R 2 term, which examine a possible improvement of the Higgs inflation [26] [27] [28] [29] [30] [31] [32] [33] [34] .
Recently, Cruz-Dombriz et al. proposed various models of gravity with nonstandard couplings to a scalar field [35] . They considered that the 'K-essence' [36] , such as a form of kinetic term of a scalar field, couples with the modified gravity. Our models considered in the present paper are much akin to one of their models of 'non-minimally coupled K-essence' [35] . Our models considered in the present paper lead to simple dynamics of an additional scalar field in classical and quantum cosmologies. The additional scalar can behave as an inflaton or a quintessence for late-time acceleration. This paper is organized as follows: In the next section, we consider the K-essential modification of R 2 gravity and discuss its properties. Quantum cosmology of the model is investigated in Sec. III. Classical and quantum properties of the model of an extension of pure R 2 theory is studied in Sec. IV. In Sec. V, the K-essential extension of pure R p gravity, where p is an arbitrary number, is studied. Finally we conclude the present study in Sec. VI.
In Appendix A, we revisit the comparison in known exact solutions for pure R 2 quantum cosmology.
II. CLASSICAL COSMOLOGY OF THE EXTENSION OF R 2 GRAVITY
The Starobinsky model is defined by the action [16] [17] [18] 
where R is the scalar curvature. The coefficients α and β are constants.
Our starting point is the modified action
where (∇φ) 2 = g µν ∇ µ φ∇ ν φ, and V (φ) is the potential of the scalar field φ. A difference from the action of Cruz-Dombriz et al. is an introduction of a parameter γ in front of the potential V (φ) in the square bracket.
The action (2.2) is classically equivalent to
since the equation of motion with respect to the auxiliary field χ, δS δχ = 0, implies χ = R − 1 2 (∇φ) 2 − γV (φ). We can eliminate the χ-dependence in front of the Einstein-Hilbert term R in the action (2.3) by a Weyl transformation. In other words, we consider a Weyl-transformed metricg µν which satisfies √ −g(α + βχ)R = √ −gαR + · · ·, whereR is the Ricci scalar constructed from g µν . To this end, we choose
µν . Then, we obtain
Here, we defined β ′ ≡ β/α and introduced the new scalar variable ψ ≡ − √ 3 ln (1 + β ′ χ).
The boundary terms in the action have been omitted.
Note that the scalar field φ has a canonical kinetic term in our model. Contrary to this, in the simplest extension of the Starobinsky model [19] [20] [21] [22] [23] [24] [25] , the kinetic term of the additional scalar field φ couples to the scalaron field ψ through the exponential function, such as e
On the other hand, the potential U(ψ, φ) coincides with the one of the simplest extension of the Starobinsky model [19] [20] [21] [22] [23] [24] [25] , if we set γ = 0 in (2.5).
Cruz-Dombriz et al. [35] considered the case with γ = 1, in parametrization used here.
We claim that an interesting choice for the parameter γ is, however, γ = 2. Then, ∂U ∂ψ vanishes when ψ = 0 for any values of φ. Because this case is very typical, we consider that γ = 2, unless the value of γ is particularly mentioned.
One can find that the present model has advantages and disadvantages than the simplest extension. The non-canonical kinetic term found in [19] [20] [21] [22] [23] [24] [25] induces an additional frictional effect in the evolution of the scalar field φ. If the slow-roll motion of the scalar field is required, the canonical kinetic term brings about a demerit. Also, interesting processes due to the kinematic coupling with the scalaron ψ are known, for reheating process and generation of perturbations in the universe [20, [37] [38] [39] [40] [41] [42] [43] [44] . These are disadvantages.
Conversely, the canonical form of the additional scalar field can be said to make the model simple. The advantage of our model with the standard kinetic term is also found in direct applications of quantum cosmology of the known two-field models. This will be discussed in the next section.
Before closing this section, we here write down the slow-roll parameter according to [35] .
They are, in our present notation,
where U ψ ≡ ∂U ∂ψ , etc. and the dot denotes the time derivative. Further if we assume that the scalar potential V (φ) is slow-roll type, the analysis on approximate solutions will be identical to the result of Cruz-Dombriz et al. [35] , independently to the value of γ (thus, we will not repeat it further).
III. QUANTUM COSMOLOGY OF THE EXTENDED R 2 MODEL
We now turn to the quantum cosmology of our K-essentially modified model. Quantum cosmology of the Starobinsky model have already been discussed by many authors [17, [45] [46] [47] . Here, we shall quantize our model along with the most standard minisuperspace method of ones used by them.
We shall consider the metric of the form
where dΩ 2 3 is the line element on a three-dimensional maximally-symmetric manifold, whose Ricci tensor is given byR
where i, j = 1, 2, 3 and k is a constant, which has been normalized to 0, ±1. K is a constant which will be used to arrange the cosmological Lagrangian into a canonical form.
We also assume that the scalar field φ is homogeneous on the three dimensional manifold, i.e., φ = φ(t).
The scalar curvature of the spacetime is computed with the metric (3.1) as
where the dot denotes the derivative with respect to t. Thus, the effective cosmological Lagrangian L, which expresses the action as S = dt L, can be obtained as 1
4)
where we added the standard Gibbons-Hawking-York boundary term [48, 49] , and further we definedQ
We now select a specific value for K, as K = 24π 2 α, for convenience in the present section. We also consider an equivalent Lagrangian L ′ as follows:
Here, one can use new coordinates x and y:
Additionally, one can define ϕ ≡ φ/(2 √ 3) to simplify the form of the Lagrangian. Then, the following Lagrangian is obtained:
Furthermore, using a set of variables r and θ defined as
we obtain the expression
Comparing with the expression in the previous section, correspondence of θ ↔ ψ is apparent up to normalization.
One can then treat r, θ, and ϕ as independent coordinates and define their canonical momenta in the usual way:
One can then define the classical Hamiltonian by the normal Legendre transformation:
The quantization scheme requires replacing P r , P θ , and P ϕ by −i ∂ ∂r , −i ∂ ∂θ , and −i ∂ ∂ϕ , respectively. This replacement results in the derivation of the Hamiltonian operatorĤ. The
where Ψ is the wave function of the universe. Here, we took the factor ordering ambiguity into consideration through the factor r s .
To solve the WDW equation, we have to specify the boundary conditions. In this section, we restrict ourselves on the case of the closed universe, k = 1. In this case, the curvaturedependent term in U makes a finite potential barrier between r ∼ 0 and r ≫ √ β. We first consider the behavior of the wave function in the vicinity of r = 0. In the beginning of the universe, or the initial state of the universe, r should be very small. For r ≪ √ β, we can neglect the terms of order of r 4 , i.e.,
For small r, both authors of [17, 47] took s = 0 and assumed that Ψ is independent of the other variable. If we also consider that the wave function is independent of θ and ϕ, the solution of (3.17) is the same as the solution Ψ ∝ √ rK 1/4 (r 2 /2), where K ν (z) is the modified Bessel function of the second kind [17, 47] . We here point out that if s = 1, the solution of (3.17) is given by
where A(l, m) represents for the amplitude of each elementary wave. In both cases, we find Ψ ∝ e −r 2 /2 for large r .
The problem of the ordering is also discussed in Appendix A.
For the region of 0 < r < √ β, we use the WKB approximation, i.e., we want to find the solution that has the approximate form Ψ = Ae −B . The lowest order equation tells 2
∂B ∂r
Note that the factor ordering does not affect the expression because we consider B as a smooth function at relatively large r. If the terms proportional to ∂B ∂θ 2 and ∂B ∂ϕ 2 can be neglected [17, 47] , we find
Therefore, we obtain B in the WKB approximation as
One can see that B + → r 2 /2 for r → 0. This agrees the asymptotic behavior of the wave function for a small r, (3.19) , if we consider the tunneling wave functionà la Vilenkin [17] .
The wave function after tunneling, r ≫ √ β, can be obtained by analytic continuation, thus we get
The 'tunneling' wave functionà la Vilenkin is proportional to Ψ + , while the wave function with the 'no-boundary' boundary condition is proportional to e 2 3V Ψ + + Ψ − [47] . Thus, the distribution is given by [47] 
for the 'tunneling' boundary condition , (3.25)
for the 'no-boundary' boundary condition . No-boundary wave function for a two-field inflation model was studied by Hwang et al. [50] . Their study can be applied to our model (γ = 2) with the canonical scalar kinetic terms, provided that the potential V(θ, ϕ) is approximated by 1 2 
by analysis using an approximation V ≈ 1
. Therefore, as an inflationary two-field model, our model can work well.
Before closing this section, we place a comment on another method of analysis on the wave function of r ≪ √ β (which is not limited on the extended model). If one remove the assumption that Ψ is independent of θ, we can write the WDW equation in terms of x and y from Eqs. (3.9) and (3.10): 28) and the wave packet solution is [51] Ψ(x, y) =
where A n is amplitudes. The asymptotic behavior at r → ∞ is Ψ ∼ exp[− 1 2 r 2 ] can be obtained for θ ∼ 0 (i.e., x ∼ 0).
IV. MODIFIED POSITIVE-DEFINITE ACTION
Positive-definite action for gravity was conjectured by Horowitz [52] . Under some appropriate conditions, this theory can be considered as the high-curvature limit of R + βR 2 /2 theory. Our extension of the model with a scalar field is defined by the following action:
(4.1)
By a similar method to that seen in Sec. II, the equivalent action at classical level is obtained as
An appropriate Weyl transformation with the apparent auxiliary field χ is attained by the transformation g µν = χ −1g µν . Then, we obtain
where we defined ψ ≡ − √ 3 ln χ.
There appears the cosmological constant as the last term in the Lagrangian in (4.3) . In our present model, however, the scalar potential which can be arbitrarily chosen is included in the Lagrangian. Thus, a general two-field model for cosmic acceleration can be constructed in our scheme.
Classical cosmological solutions is known to be obtained analytically in some cases, but we leave the derivation of solutions for the next section, where we exhibit solvable pure R p models.
Quantum cosmology of R 2 gravity has been investigated in many papers, including [52, 53] . We study our extended model by the standard method used by them. As in the previous section, we obtain the effective cosmological Lagrangian of the model:
whereQ is defined as in Eq. (3.5), and other metric definitions are the same as well in the previous section. The equivalent Lagrangian is now
where We define ϕ ≡ φ/(2 √ 3) to simplify the form of the Lagrangian. Then, one can obtain
where
Using a set of variables r and θ defined as x = r sinh θ and y = r cosh θ, we obtain the expression 
as in the previous section (and we fixed here the ordering by s = 1).
Let us consider the solution of the WDW equation. The case of a closed universe is similarly analyzable as the model in the previous section. Therefore, we here consider the case of a flat universe, k = 0.
The solution of this equation can be expressed by the form of superposition:
where J ν (z) is the Bessel function and A(l, m) and B(l, m) are amplitudes for each elementary wave. Because of the absence of potential wall due to the curvature and the scalar potential, the behavior of the wave function is generally oscillatory in the direction of r.
Since there is no tunneling, we assume an appropriate wave packet form in the beginning of the universe [51, [54] [55] [56] to study further.
As seen here, it is known that some limited cases can be solved exactly. In the next section, we pursue the solvable model of K-essentially modified pure R p gravity, where p is a rational number.
V. SOLUBLE MODELS FOR K-ESSENTIALLY MODIFIED PURE R p GRAVITY
In this section, we consider an extension of pure R p gravity in D dimensional spacetime.
We start with the action
As in the previous sections, we can use an auxiliary field χ to obtain classically equivalent action:
We can eliminate the χ-dependence in front of the Einstein-Hilbert term R in the action (5.2) by a Weyl transformation. In other words, we consider a Weyl-transformed metricg µν which satisfies √ −gχ p−1 R = √ −gR + · · ·, whereR is the Ricci scalar constructed fromg µν .
To this end, we choose g µν = χ − 2(p−1) D−2g µν in this time. Then, we obtain
Here, we defined ψ ≡ − 2(D−1) D−2 (p − 1) ln χ. Note that the scalar field φ has a canonical kinetic term again in the model.
We expect that the exact solutions of simple models are useful to reveal some subtle features of the cosmological dynamical system [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] . Here, we investigate the cases with specific parameters, where the exact classical and quantum cosmological solutions can be obtained.
For this purpose, we restrict ourselves on a flat D-dimensional spacetime and choose the metric as
From this metric, the scalar curvature can be calculated as
Fixing a gauge n(t) = (D − 1)ã(t), one can find that the cosmological Lagrangian can be rewritten as
apart from an overall normalization which differs from the previous one.
We find that exact solutions can be obtained for the system governed by the Lagrangian (5.6) in the following two cases: A. p = D/2 and γV (φ) = 0, B. p = 1 − 1/(2D) and
The case of p = 2 and D = 4 seen in the previous section belongs to the case A. We will exhibit classical and quantum exact solutions in both cases A and B.
Note that the equivalence of the higher order theory and the reduced theory by using an auxiliary field is classically valid, while the equivalence of them in quantum physics is not always clear. As seen in previous sections, quantum R 2 gravity can be rewritten by adding quadratic term including a new variable. This redefinition is equivalent to adding a Gaussian integration in view of path integral. For a general power p, similar addition of a new variable may cause a problem of measure in path integral. Nevertheless, we consider the quantization of the system with an 'auxiliary' field as an 'effective' theory, which can grasp some feature and tendency of behavior of dynamical variables in the physical system.
Now, we show the solutions in solvable cases.
A. p = D/2 and γV (φ) = 0
The first case is a natural generalization of pure R 2 gravity in four dimensions. In this case, V (φ) ≡ 0 is assumed and p = D/2 is chosen. The cosmological Lagrangian includes two massless scalar field, aside from the cosmological term, in this case. Then, the Lagrangian (5.6) becomes
In order to make it simpler, we introduces normalization and other constants as
We now obtain the simplified Lagrangian 9) and the Hamiltonian derived from the Lagrangian
Here, the separated Hamiltonians are
where p X = −Ẋ, p φ =φ, and p ψ =ψ.
From the Lagrangian (5.9), we find that the variables are separated and X obeys the Liouville equation in one dimension. Therefore, the separated Hamiltonians H X , H φ , and H ψ become constants E X , E φ , and E ψ , respectively, if the individual solutions are substituted.
Thus, the solutions can be written down as
where q X , q φ , q ψ , t X , t φ , and t ψ are integration constants. Remembering that we treat the general relativistic system, the constants should satisfy the relation
Therefore, we can finally write the solution as
One can check the solution through a special case, q φ = q ψ → 0. In this limit, one finds e (D−1)ã(t) = δ −1 λ −1 |t X − t| −1 . If one uses the 'canonical' cosmic time τ , dτ ≡ e n dt = e (D−1)ã(t) dt, one obtains τ = −δ −1 λ −1 ln |t X − t|. Accordingly, e (D−1)ã(t) ∝ e δλτ can be found.
This exponential expansion is caused by the cosmological constant, since the scalar fields are frozen in this limit. For general q φ and q ψ , the asymptotic behavior of the scale factor eã can be found as: eã ∼ e δλτ /(D−1) for τ → ∞ and eã ∼ τ 1/(D−1) for τ → −∞.
We now turn to the study of quantum cosmology in this case. The WDW equation
The general solution of this wave equation is
Note that e λX = e (D−1)ã . The expression of (5.18) seems a different from the solution The second case enjoys dynamics of two scalar modes in general. When we set p = 1 − 1 2D and assume γV (φ) = 1 2 f 2 exp( 2D D−1 gφ), we obtain the following Lagrangian
We consider a new set of variables:
ψ , (5.22) and define constants:
Then, we can obtain the simple form of the Lagrangian (5.19) as
Then, the Hamiltonian becomes
where 
where constants E 1 , E 2 , and E 3 should satisfy
Power-law inflation [68] can be obtain in the case (E 1 ≤ 0, E 3 ≥ 0). We find, in this case,
.
(5.34)
Assuming t 1 < t 3 , the scale factor eã increases monotonically in −∞ < t < t 1 . In terms of the cosmic time τ (dτ = ±e (D−1)ã dt), the scale factor has behavior eã ∼ τ 1/(D−1) for
we find that the solution describes power-law inflation. Unfortunately, non-zero coupling g decreases the power. Note that the case with g = 0 and φ ≡ 0 reduces the model into the one of pure R p gravity, and the effective potential for ψ is very similar to that studied by Mignemi and Pintus [57, 58] . Now, we turn to quantum cosmology in the present case. The WDW equation is obtained byĤΨ = 0, whereĤ is the Hamiltonian (5.25) in which momenta are replaced by differential operators. Owing to the separation of variables, the general solution for the WDW equation
can be obtained easily as
×e iqy dqdΘ , (5.35) where A, B, C, and D are amplitudes. This form of solution corresponds to the case (E 1 < 0, E 3 > 0). Each wave mode is oscillatory, because there is no potential 'wall' at all.
VI. SUMMARY AND DISCUSSION
We have shown that a modification of higher order terms in R can brings about interesting cosmological models. The K-essential modification, which utilizes a kinetic-term-like combination of a scalar field, realizes a simple addition of a canonical scalar field into the theory. In this paper, we have studied various classical and quantum cosmologies derived from the actions which contains a K-essentially modified term of scalar curvature squared or specific powered. Even though the Starobinsky model can explain the recent observations very well, the modification can lead to theoretical preparation of models for new discoveries in future.
The simple kinetic term of the additional scalar field can cause separability of two scalar dynamics especially in the case with γ = 2, where U ψ (0, φ) = 0. Provided that the scalaron rapidly loses energy by other matter fields as usually expected and reaches an expectation value ψ = 0, the equation of motion of the scalar field φ is stillφ + 3Hφ + V ′′ (φ) ≈ 0 (where H is the expansion rate). Although some hierarchical settings (e.g., β −1 ≫ V ′′ ) is required in this case, there is a possibility of identifying the scalar field with a quintessence [3, 4] . Thus, it can be said that our model cannot explain the hierarchy of two acceleration phase but can 'permit' the hierarchy.
Another interesting outcome is finding that there is a class of solvable models in higher order theory with an additional scalar mode. This is due to the fact that the scalar fields have canonical kinetic terms. This simplicity can be a strong motivation to study the solutions for compact objects with strong gravity, such as black holes, in our models and their extensions.
As subjects for future research, we can also consider the following generalization: the K-essential modification of supergravity extensions [69] [70] [71] of higher order theory, higher dimensional models with and without dimensional reduction [72, 73] , higher derivative correction [74] [75] [76] , higher order theories with other than scalar curvature (e.g. [77] ).
Appendix A: Solvable pure R 2 gravity in different variables and the factor ordering A different factor ordering gives a different solution of the WDW equation, at least in a certain region of variables. In this Appendix A, we review the solvable model of pure R 2 gravity in four dimensions as an example, and considered the factor ordering when the different variables are used.
For the flat four-dimensional spacetime, the pure R 2 gravity, i.e., in absence of the additional scalar field, is known to be solvable in the minisuperspace formalism [53] . In such a case, the effective Lagrangian becomes
since the term which comes from the spatial curvature is also absent. If we use new variables σ ≡ a 3 and τ ≡ Q/a, the Lagrangian can be written as
and the Hamiltonian is given by H(σ, τ, P σ , P τ ) = − 3σ 2/3 2 P σ P τ − τ 2 54π 2 β .
(A3) Therefore, the WDW equation reads
This equation can be exactly in the form
where A(λ) indicates the amplitude [53] .
Here, we consider the Fourier transform of the elementary wave solution. That is
The definition of the variables are the same as in the previous sections, i.e., 
